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Introduction

Motivation (1)

» Linear model with time-varying coefficients:
ytzxéﬁt—i_gta t:17"'7T7

¥t ... dependent variable, x;...p x 1 vector of regressors,
Bt ...p x 1 vector of coefficients, ;... error term.

» Parameters to estimate: Tp

» Number of observations: T
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Introduction

Motivation (2)

» Matrix notation:

= X + =
T}>/<1 TxTp Tpﬁxl Tx1
" .t 0, 0 0 S)1 €1
y2 0 x 0 0 67 €2
=10 0 x4 . Pa |+ |es|,
1 S N R :
YT 0 0 --- 0 xt)\O7 T

» Diagonal VC matrix of the error term (dynamics captured
correctly in the mean function):

Vie] = &.
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Introduction 4

Motivation (3)

» Model:
yt:Xt{ﬁt+€t7 t:]-a"‘7T7

» Assumption: [;'s stable for some period of time, i.e. m< T
breaks (m + 1 different regimes):

/87_1'71:'”:57—]717 for.j:]-?"'ama
IBTj_l:...:BTJ_’ forj=m+1,

To=1,Tmt1=T,Tj... break date.
» Idea: Capture the restrictions in an Li-norm regularization of
a high-dimensional linear model = (weighted) fusion penalty.
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Estimation Method 5

(Weighted) Fusion Penalty

» Land and Friedman (1997)

» Penalized least squares:
= . 1 _
By = argﬂmln ?(y—Xﬂ)’Z Yy = XB)+ AP(B), (1)

where P(8) =2, Sk We k| Bek — Be—1.kl;

A >0 ... given tuning parameter,

Wi i - .. given non-negative weights.

» Convex in ('s but non-smooth (for fixed A and w; x's).
» An MM algorithm by Yu et al. (2013)
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(Weighted) Fusion Penalty - Generalized Error
Term

» Procedure for heteroscedastic error terms:

> First, estimate (1) under homoscedasticity.
> Model squared residuals on a time-varying constant.
> Re-estimate the (1) with £ and get new [3y.

» For now: ¥ = o2/.
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(Weighted) Fusion Penalty - Weights (1)

» An unweighted fusion penalty (w;x = 1,Vt, k) is not selecting
the true model consistently (Viallon et al., 2013)

Iimnsup P(B=B)<c<1,
where ¢ is a constant depending on the true model and
B={(t,k): Btk #0,Be.k # Br—1,k}
B ={(t,k): Bk # 0, Bex # Be—14}-
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Estimation Method

(Weighted) Fusion Penalty - Weights (2)

» Therefore, the weighted fusion penalty is implemented
(consistent in variable selection)

P(B=B)—1asn— .

under a proper choice of weights (Viallon et al., 2013).
» Two step estimation:

1. Set wpx =1, get 331 given optimal AL

2. Set wy = 1/|6t,k.’k\1 — ﬁt_17k_:\\l|, given optimal A\, get 532'
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Selection of ) - Information criteria (1)
EBIC

» Chen and Chen (2008) - Extended BIC (EBIC) for
highdimensional models with polynomially increasing number
of parameters.

EBIC(\) = T log (},_SSE(B)\)) + (log(T) + 2log(Tp)) | Bxl.

» |3.| represents the number of nonzero unique parameters

T p

~ p ~ o~ o~ o~
1Bal = 1(Brap # 0)+D > 1(Be—1kn # B Beir #0),
k=1

t=2 k=1

» Consistent under certain regularity conditions.
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Selection of ) - Information criteria (2)

IC by Qian and Su (2014)

» Qian and Su (2014) - IC for detecting structural breaks with a
Frobenius norm penalty in a model with time-varying
parameters

ICas(3) = log (7-SSE() ) + prlfl. o7 = 1/VT.

» |5, represents the number of nonzero unique parameters

» Consistent under certain regularity conditions.
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Selection of ) - Information criteria (3)

» Observation: EBIC and /Cgs prone to underfitting
» 1. step - Augmented /Cqs

1 < - 1, 5
IC1(X) = log (T ;SSE(@\)> + ﬁ(’ﬁ)\’ —c),
where
T p R N ~ =
c=> > 1{!ﬁr,k,,\ = Bad kAl < (max B x — min 5 k. \)
t=2 k=1

| Ber # 0, Bewe ) # 5#1,/@},

ad ... time when parameter k added 1 to c the last time
(t=2,ad =1)and § € (0,1).
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Selection of the Tuning Parameters (4)

» 2. step - Augmented /Cgs

IC(\) = log (;_SSE(BA)> + \3/%1@1.
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Underlying Assumptions (incompl.)

» m grows reasonably slow with T,
» the smallest break has to be reasonably large,
» 35 > 0 such that E[x}?], E[e}1°] exist

Breaks and Fusion J. Mareckova
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Defining a Break

» bootstrap computationally too demanding, problems with
inconsistency for the Li-norm estimates (Camponovo, 2014)

» simple comparison of the estimated coefficients (adaptive part
should be able to suppress the insignificant breaks rather well)

» i.e. when Bt #* Bt“, then 7} =t+1fort> 7}_1, where
j=1...,m
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Simulation Study

» T = {50,100,200},
» 1000 samples for each T,
» § = {0.025,0.05,0.075},

» Grid of A:
> covers 50 values between 0.01 and 0.5 (1. and 2. Step)
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Simulation Study - Comparison

» Compare the performance of fused Lasso and tests introduced
by Bai and Perron (1998):

» Double maximum (DM) test:

Ho : no breaks
H, - unknown number of breaks

given some upper bound M =5
» Testing sequentially:
Ho : ¢ breaks against Hp : £+ 1 breaks

until Hyp not rejected.
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Simulation Study - Motivation

» Potential advantages of fused Lasso in comparison to the
structural break tests:

> Not necessary to know the date of break in advance.

> Not necessary to set number of breaks in advance.

> Estimates simultaneously breaks and the coefficients.

> No need to trim the sample, potential to detect break even at
the beginning or the end of the time period (Bai and Perron,
1998).
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Evaluation Criteria

» FN ...False Negatives (Too Few Breaks),

» TP ...True Positives (Correct Number of Breaks),

» FP ...False Positives (Too Many Breaks),

» @ ...Average Relative Distance from the True Break,

» P ...Criterion Measuring if the Break is in the Correct

Parameter.

Breaks and Fusion J. Mareckova Uni KN



Simulation Study 19

Simulation 1 - 2 Parameters - 1 Break in 1
Parameter - Middle - SNR = 2

» DGP with no heteroscedasticity

)/t:2Xt1+Xt2+5t, t:]-a"'aT/za
yt:4Xt1+Xt2+5t7 t:7-/2‘|‘1,,7-7

.. 0 1 03 .. .
X¢... iid N ([ol , [0'3 0 ]) €¢ ... iid Gaussian, zero

mean, 062 =6.4.
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Simulation 1 - Bias

Table 1: Average Squared Bias, Break - Middle, 1000 draws, SNR=2, § = 0.025

1 step 2 step

EBIC QS 1G, 1CG, 1G,
EBIC QS 1G, EBIC QS

50 0.590 0.644 0.452 0.595 0.630 0.592 0.548 0.565
100 0.450 0.448 0.292 0.419 0.408 0.267 0.346 0.311
200 0.377 0376 0.206 0.340 0.332 0.138 0.206 0.191

T EBIC QS 1G
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Simulation 1 - EC

Table 2: Evaluation Criteria, Break - Middle, 1000 draws, SNR=2, § = 0.025

2 step BP
L EBIC QS 1Cy 1Cy 1G,
T  Criterion EBIC Qs Gy EBIC 0s Seq
FN 51.5 466 7.3 129 10.8 390.1
TP 26.8 27.3 29.6 452 41.1 433
50 FP 21.7 261 63.1 419 48.1 17.6
Q 056 052 0.19 023 0.21 0.47
P 041 045 067 070 0.69 0.30
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2 step BP
L EBIC QS 1G, 1G, 1G,
T Criterion EBIC QS 1G, EBIC QS Seq
FN 515 495 4.0 144 104 16.9
TP 30.1 294 402 50.2 493 69.1
100 FP 184 211 558 354 403 14.0
Q 054 052 012 020 0.17 0.24
P 045 046 079 079 0.81 0.42
FN 488 479 2.0 6.0 5.2 0.7
TP 30,0 295 39.0 50.8 494 87.9
200 FP 21.2 226 59.0 432 454 11.4
Q 051 050 0.07 0.10 0.10 0.05
P 0.48 049 088 0.90 0.90 0.50
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Simulation 2 - 1 Break - End - SNR = 2

» DGP with no heteroscedasticity, no autocorrelation

}/t:2Xt‘|‘5t, t:].,,T—].].,
yt:4Xt+€t; t:T—].O,,T,
Xt ... iid N(0,1), e¢... iid Gaussian, zero mean,

02 = 3.2 (T=50),
= 2.6 (T=100),

o2
02 = 2.3 (T=200).
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Simulation 2 - Bias

Table 3: Average Squared Bias, 1000 draws, Break - End, SNR=2, § = 0.025

1 step 2 step
EBIC QS 1G, 1CG, 1G
T EBIC Q@5 IG EBIC QS IC EBIC QS
50 0.590 0.615 0.378 0.602 0596 0.414 0.482 0.460
100 0.370 0.369 0.201 0.371 0.367 0.216 0.273 0.257
200 0.203 0.203 0.126 0.204 0.204 0.133 0.169 0.165
Breaks and Fusion J. Mareckova Uni KN



Simulation Study

25

Simulation 2 - EC

Table 4: Evaluation Criteria, 1000 draws, Break - End, SNR=2, § = 0.025

2 step BP

e EBIC QS 1G 1G, 1G,
T  Criterion EBIC QS IC, EBIC QS Seq
FN 57.9 5.2 138 23.4 21.0 29.6
50 TP 20.7 18.7 50.8 56.9 52.9 62.5
FP 21.4 26.1 35.4 19.7 26.1 7.9
Q 0.63 0.62 0.23 0.31 0.29 0.37
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2 step BP
o EBIC QS 1G 1G 1C,
T Criterion EBIC QS 1G, EBIC QS Seq
FN 896 888 216 409 36.8 58.3
100 TP 4.1 3.7 412 427 427 38.7
FP 6.3 75 372 164 205 3.0
Q 091 090 030 045 042 0.64
FN 99.7 99.7 442 701 67.3 83.7
200 TP 0.0 0.0 247 21.7 22.7 15.6
FP 0.3 0.3 311 8.2 10.0 0.7
Q 1.00 1.00 0.49 0.72 0.69 0.88
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Simulation 3 - No Breaks - SNR = 2

» DGP with no heteroscedasticity, no autocorrelation
yt:2Xt+€t7 t:].,,T

X¢ ... iid N(0,1), e¢... iid Gaussian, zero mean, ag =2.
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Simulation 3 - FN

Table 5: Rates of falsely detected breaks, 1000 draws, SNR=2, § = 0.025

2 step BP
EBIC QS IG IG  IG
T EBIC QS IC, EBIC QS DM Seq
50 07 00 224 110 128 493 244
100 00 00 84 22 27 313 136
200 00 00 28 04 04 169 9.0
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Simulation 3 - Bias

Table 6: Average Squared Bias, 1000 draws, No Break, SNR=2, § = 0.025

1 step 2 step
EBIC QS 1G, 1Cy 1G,
T EBIC @5 G EBIC QS IC; EBIC QS
50 0.044 0.044 0.067 0.043 0.046 0.088 0.058 0.065
100 0.022 0.022 0.032 0.022 0.022 0.031 0.023 0.024
200 0.010 0.010 0.014 0.010 0.010 0.012 0.011 0.011
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Simulation - Information Criteria

1. step 2. Step Outcome

EBIC EBIC High Ratio of FN

1Cqs 1Cos High Ratio of FN
1G4 1C, Low Ratio of FN at a cost of more FP
1C; EBIC Low Ratio of FN at a cost of more FP
1G; ICqs Low Ratio of FN at a cost of more FP
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Application (1)

» Detection of changes in the US labor productivity in the
period from 1955-2004,
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Application (2)

» CES Production Function
Y, = a(ee) {aK(t)Kt(

where
Y: = output in t,
K: = capital input in t,
Ly = labor input in t,

ak(t) = capital augmenting technical progress,
L( ) = labor augmenting technical progress,
( +) = productivity shock,

= elasticity of substitution, ¢ > 0.
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Application (3)

» Based on (2) and under following assumptions:

_1
a(er) = [exp(ap + €¢)] 7,
o—1
ar(t) = [exp(ayg - t + ay, - tz)]T,
Ye/Le ( ve/L )”
Yi—1/Le—1 Yeo1/Leea)

where x denotes the optimal quantity and v € (0, 1] denotes
an adjustment parameter of the Labor Productivity, the FOC
for Ly can be log-linearized to get:
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Application (4)

» Logarithm of Labor Productivity:

In (Z) Bo+B1-t+Bat>+B5-In (p >+B4In <Z/tll>+ut’

where

We/pe ... real wage in t,
Bo=7a0, BPr=(1—-0)yar, P2=(1-0)you,,
Ps=o0v, Ba=1-—7, ur=nrer

Breaks and Fusion J. Mareckova Uni KN
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Application (5)

» Optimize (under homoscedasticity):

1< Y, 2 .
7; <|n (Lt> —Pro = Pri-t— Beat” = frz-In (,Dt) B
Yi-1 2 T 4
—Btaln L + A Z Z Wt k| Bek — Be—1,kl, (3)
1 t=2 k=0
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Application (6)

» Quarterly Data for 1955Q1-2004Q1, T = 199,
» OECD Database (seasonally adjusted data):

Y: (Real) GDP
L; Civilian employment
we  (Nominal) wage index
p: Consumer Price Index

» For /C;: § = 0.025.

Breaks and Fusion J. Mareckova
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Application (7) - 5

0.5 4

-0.5 b

15 1 1 1 1 1 1 1 1 1
1955Q1 1960Q1 1965Q1 1970Q1 1975Q1 1980Q1 1985Q1 1990Q1 1995Q1 2000Q1 2005Q1

Figure 1: Bo = —0.0297
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Application (8) - f; - t

x10*

1.5 h

0.5 4

or 4

-0.5 h

Ak 4

1.5 h

2+ -

1 1 1 1 1 1 1 1 1
1955Q1 1960Q1 1965Q1 1970Q1 1975Q1 1980Q1 1985Q1 1990Q1 1995Q1 2000Q1 2005Qf

Figure 2: A1 = —0.000026
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Application (9) - (3, - t2/100

1.5

By

0.5

0.5

1 1 1 1 1
1955Q1 1960Q1 1965Q1 1970Q1 1975Q1

1 1 1
1980Q1 1985Q1  1990Q1

Figure 3: > = 0.000012

1 1
1995Q1  2000Q1  2005Q1
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Application (10) - 34 - In(Y;_1/L;_1)

2 T

0.5 4

05 1 1 1 1 1 1 1 1 1
1955Q1 1960Q1 1965Q1 1970Q1 1975Q1 1980Q1 1985Q1 1990Q1 1995Q1 2000Q1 2005Q1

Figure 4: B4 = 0.8704 = 5 = 0.1296
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Comparing Y|/Lt and V;/L:
T T

22 T T

8 1 1 1 1 1 1 1 1 1
1955Q1 1960Q1 1965Q1 1970Q1 1975Q1 1980Q1 1985Q1 1990Q1 1995Q1 2000Q1 2005Q1

Figure 5: Comparison of optimal and realized values of Y;/L:, 7 = 0.1296 =

4.91% above or below optimal value on average
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Application (11) - 33 - In(w,/p;)

0.141 T T
1963Q2
0.1405 b

0.14 q

0.1395 - [1969Q1

0.139 -

0.1385 -

0.138 -

01375

0137

0.1365 I I I I I I I I I
1955Q1 1960Q1 1965Q1 1970Q1 1975Q1 1980Q1 1985Q1 1990Q1 1995Q1 2000Q1 2005Q1

» o =[1.0757 1.0855 1.0757 1.0660 1.0562 1.0660
1.0757 1.0660] = K and L (gross) substitutes.
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Application (12) - Breaks Interpretation

0.13%5

0

196302

96501 199101
‘ |

| |
o 00

Figure 6: 33

1365 L L L L L L L L L
195501 1960Q1 1965Q1 1970Q1 197501 1980Q1 1985Q1 1980Q1 1995Q1 200001 2005Q1

» mid 1960s - economic
expansion

» 1973 Oil Crisis

» 1978 Oil Shock =
1979 Oil Crisis

» 1983 - Rebound from
the Early 1980s
Recession

» 1991 - 2001 = 1990s
economic boom

» Early 2000s recession
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Conclusion

» Application of the fusion penalty to detect structural breaks in
the coefficients of a standard linear regression model and
estimate the coefficients.

» ICs controlling better the FN rate for a two step estimation
procedure.

» Advantages of fusion penalty: allow for unknown number of
breaks, no trimming of the data sample, regarding the
estimation of the true position of the break outperform the
BP tests.

» Future work: Statistical inference, Generalizing the error term
structure
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Any questions? Suggestions? Problems?
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